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We develop a general Ginzburg-Landau theory which describes the effect of a Zeeman field on
the superconducting order parameter in triplet superconductors. Starting from Ginzburg-Landau
theories that describe fully gapped time-reversal symmetric triplet superconductors, we show that
the Zeeman field has dramatic effects on the topological properties of the superconductors. In
particular, in the vicinity of a critical chemical potential separating two topologically distinct phases,
it is possible to induce a phase transition to a topologically nontrivial phase which supports chiral
edge modes. Moreover, for specific directions of the Zeeman field, we obtain nodal superconducting
phases with an emerging chiral symmetry, and with Majorana flat bands at the edge. The Ginzburg-
Landau theory is microscopically supported by a self-consistent mean-field theory of the doped
Kitaev-Heisenberg model.
I. INTRODUCTION
Topological materials are characterised by the exis-
tence of protected gapless surface states and an insulating
bulk. The importance of topological protection in con-
denced matter systems was originally realized in quan-
tum Hall systems1,2 and superfluid helium3, but recently
a number of other materials: topological insulators, su-
perconductors and spin liquids, have become available for
theoretical and experimental research4–8.
Topological superconductors are particularly appeal-
ing materials as they support non-Abelian quasiparticles:
Majorana zero modes9–39. In addition to the fundamen-
tal interest arising from a new type of non-Abelian quan-
tum statistics12–14, Majorana zero modes offer a promise
for fault tolerant quantum computation40–43: Pairs of
well separated Majoranas can be used to store quantum
information non-locally (protecting the qubits from de-
coherence), the non-Abelian exchange statistics allows to
perform certain quantum gates with exponentially small
errors and the joint multi-qubit measurements can be im-
plemented directly by measuring the total fermion parity
of a selection of Majorana zero modes.
In this Article, we concentrate on fully gapped
triplet superconductors which are intrinsically two-
dimensional time-reversal symmetric topological
superconductors28,30–39. We stress that this class
of triplet superconductors is very important from the
practical perspective, because they are favored by the
weak-coupling p-wave pairing theory44, and therefore
one expects them to occupy significant portions of the
phase-diagrams of the triplet superconductors. This
expectation is strengthened by recent self-consistent
mean-field calculations for doped Mott insulators28,30,
which are described by Kitaev-Heisenberg model45,46.
This type of two-dimensional helical p-wave supercon-
ducting phase can also appear in Sr2RuO4 interfaces
38
or in BC3
39. Moreover, these superconductors can be
considered as two-dimensional analogs of the B phase
of superfluid helium44, so that our theory is applicable
to the planar phase of 3He, which can become stable in
thin films47.
Fully gapped time-reversal invariant triplet supercon-
ductors are described by a vector order parameter
d(k) =
∑
i
ηidi(k), (1)
which is a linear combination of basis vectors di(k).
These basis vectors are degenerate solutions of the lin-
earized gap equations48, which describe the supercon-
ducting order parameter in the vicinity of the critical
temperature. Therefore, there is necessarily a low-energy
degree of freedom related to the coefficients ηi, which
makes the order parameter d(k) more sensitive to ex-
ternal perturbations. Because d(k) describes the spin
structure of the Cooper pairs, a particularly important
perturbation is a Zeeman field. From a practical per-
spective, the Zeeman field can be an externally applied
magnetic field, an induced ferromagnetic order param-
eter, or it can appear due to the coexistence of super-
conductivity and ferromagnetic order. In the presence
of ferromagnetic order, the direction of the Zeeman field
can at least partially be controlled with a weak exter-
nal magnetic field. Possible materials where supercon-
ductivity and ferromagnetic order coexist have attracted
significant interest49–52. In particular, there is a demand
for a theory of the effect of a Zeeman field on supercon-
ducting order because of the recent exciting observations
of coexistent ferromagnetic and superconducting order in
two-dimensional LAO/STO interfaces49,50.
In this Article, we study self-consistently the effect of
a Zeeman field b on triplet superconductors. We con-
centrate on a rather generic situation, where the basis
vectors are perpendicular to each other
di(k) = fi(k)eˆi (2)
and fi(k) are real functions, which describe the momen-
tum dependence of a p-wave order parameter. In this
case, we can understand the effect of a Zeeman field on
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2the relative energetics of the order parameters by recall-
ing that the electron spins in the condensate are confined
to a plane perpendicular to the d-vector. Thus, a Zeeman
field pointing in the direction eˆi will try to confine the
electron spins in a direction different from that preferred
by the order parameter basis function di, and therefore it
will energetically disfavour this basis function relative to
the other ones. This qualitative insight can be encoded in
a contribution to the free energy ∝ (b ·d(k))(b ·d(k)∗),
which needs to be integrated over the Brillouin zone with
a weight function. Such a contribution to the free en-
ergy is also obtained by using the expression for the
spin susceptibility of a triplet superconductor44 to derive
the contribution to the free energy quadratic in the Zee-
man field. Assuming that the integrated basis functions
fi(k)fj(k) satisfy a permutation symmetry, we expect
that the free energy of the superconductor contains an
anisotropic mass term of the form
DA2
∑
i
b2i |ηi|2 −DB2
∑
i<j
bibj(ηiη
∗
j + ηjη
∗
i ) , (3)
where DA2 and D
B
2 are constants.
Depending on the physical realization of the fully
gapped time-reversal symmetric triplet superconduc-
tor, we distinguish two qualitatively different situations,
which are characterized by the number of independent
basis vectors and corresponding pairing wave functions.
For the wave functions fi(k) we can define a scalar prod-
uct 〈fi|fj〉 by integrating them around the Fermi surface
with a weight functions [see the last line in Eq. (13)], and
in this way define the concept of orthogonality between
them. In the case of large doping, the Fermi surface can
be approximated to be circular around the Γ-point, and
a continuous rotational symmetry emerges from the dis-
crete lattice symmetry. Since p-wave pairing corresponds
to a total angular momentum L = 1, there are three ba-
sis wave functions with quantum numbers lz = −1, 0, 1
available. Denoting the polar angle of the momentum k
by ϕ, for a two-dimensional superconductor only the two
functions e±iϕ with angluar momentum lz = ±1 corre-
spond to motion in the x-y-plane. Hence, there can be
only two orthogonal pairing wave functions fi(k) for a
two dimensional superconductor. On the other hand, for
the case of three basis vectors di(k), the pairing wave
functions cannot be all orthogonal to each other.
The case of two independent basis vectors is rela-
tively easy to understand, and will be discussed first.
As discussed above, the basis functions fi(k) can be or-
thogonal to each other, so that the coefficient DB2 =
0, and the effect of Zeeman field is just described by
DA2 (b
2
1|η1|2 + b22|η2|2). Thus, the Zeeman field generically
tries to make the superconductor anisotropic, while at
the same time the superconductor remains fully gapped
for reasonably small Zeeman fields. The only exceptions
are gap closings which may occur in the high-symmetry
points of the Brillouin zone Γ and Mi, where the order
parameter always vanishes. The gap closings occurring in
these points result in topological phase-transitions, where
the Chern number describing the number of edge modes
changes. This type of phase transitions were discussed
earlier in Ref. 35 without taking into account the self-
consistent changes in the superconducting order param-
eter. We find that a possible anisotropy of the order pa-
rameter is not important for these transitions, and there-
fore it is possible tune the superconductor from a helical
to a chiral phase also when the self-consistent changes
are taken into account.
On the other hand, when the Zeeman energy becomes
comparable to the superconducting gap, the nature of
the superconducting phase depends on the strength and
direction of the Zeeman field. Recently, without con-
sidering self-consistent changes in the order parameter,
it was proposed that a Zeeman field in the (x, y)-plane
could induce a transition from a fully gapped helical p-
wave superconductor to a gapless phase with Majorana
flat bands53. The existence of this transition is tightly
connected to the presence of a chiral symmetry, which
is always guaranteed in a time-reversal symmetric sit-
uation. However, with a time-reversal breaking exter-
nal Zeeman field, a chiral symmetry is only present for
specific relative directions of order parameter vector and
Zeeman field. In the case of a two-component triplet su-
perconductor, it is possible to show that a chiral symme-
try exists for all Zeeman fields in the (x, y)-plane53. The
importance of the chiral symmetry is twofold here. First,
the chiral symmetry guarantees that the superconduc-
tor becomes gapless when the magnitude of the Zeeman
field is larger than the superconducting gap. Secondly,
it allows the definition of a lower dimensional topological
invariant, which describes the number of Majorana flat
bands on the edge of the sample in a momentum space
region corresponding to the interval in between the pro-
jections of the bulk nodal points on the edge. Such flat
bands54 are known to exist in graphene55,56 and intrinsic
nodal superconductors57–64.
We find that the topological phase transition from a
fully gapped helical p-wave superconductor to a gapless
phase with Majorana flat bands survives also when the
self-consistent changes in the order parameter are taken
into account. For generic Zeeman field directions in the
(x, y)-plane, the flat bands are qualitatively similar to the
ones discussed in Ref. 53, and within a weak coupling the-
ory of superconductivity, the flat bands appear only in
a tiny interval of momentum around the Fermi momen-
tum kF . On the other hand, a dramatic change occurs
once the Zeeman field is applied along one of the sym-
metry axis, say along the x-axis, and when it is strong
enough so that η1 becomes zero. Then, an even num-
ber of flat bands appears over a wide range of momenta
connecting −kF to kF , and these flat bands are absent
if the self-consistent changes in the order parameter are
neglected. The difference with respect to the previous
case53 is the emergence of a new type of chiral symme-
try. Furthermore, this second type of chiral symmetry
guarantees the existence of flat bands also when the Zee-
man field is in the (x, z)-plane. Thus, the self-consistent
3changes in the order parameter considerably widen the
parameter space for observing the Majorana flat bands.
If one has three independent basis vectors in Eq. (1),
the allowed parameter space for the order parameter is
significantly expanded, resulting in a richer dependence
of the order parameter on the Zeeman field. In par-
ticular, in 2D systems necessarily DB2 6= 0. Based on
the expression (3), we expect that a Zeeman field with
three nonzero components bi of comparable magnitude
will choose an optimal direction of the order parameter
in (η1, η2, η3)-space, so that all the components ηi will
remain nonzero also in the presence of Zeeman field, un-
til the Zeeman field reaches a critical value at which the
superconductivity vanishes. In this case, one might ex-
pect that the superconductor is generically fully gapped
and this expectation is supported by numerical evidence
for the Kitaev-Heisenberg model discussed below. The
only exceptions are the specific values of the Zeeman field
where topological phase transitions take place due to a
change in the Chern number. For the Kitaev-Heisenberg
model, we find that this way it is possible to induce a
topological phase-transition to a time-reversal broken su-
perconducting phase that supports unpaired Majorana
zero modes at the edges and within vortices, and that this
phase exists for a wide range of directions and strength
of the Zeeman field.
If only two components of the Zeeman field are
nonzero, say b1 and b3, then η1 and η3 have an enhanced
mass in the free energy, so that by increasing the Zee-
man field one can reach a situation where η1 = η3 = 0,
and only η2 is nonzero. In this case, the superconduc-
tor is necessarily nodal due to the p-wave nature of the
basis functions, and it satisfies the same emergent chiral
symmetry which is found in the two-component triplet
superconductor. Going further, one can consider a situ-
ation in which only one component of the Zeeman field
is nonzero, say b3. Then, η3 is suppressed relative to
the other two components, and one can reach a situation
where η3 = 0 and the other two components, η1 and η2,
are nonzero. Furthermore, equation (3) does not specify
the phase difference between η1 and η2 in this situation.
However, because the system tries to align the Cooper
pair spin along the axis of the Zeeman field, the free en-
ergy also contains a term ∝ iξ(k)b ·d(k)×d(k)∗, which
needs to be integrated over the Brillouin zone with a suit-
able weight function. This term is typically very small,
because the contributions with ±ξ approximately cancel
each other around the Fermi surface, but for sufficiently
strong Zeeman fields this term still locks the phase dif-
ference between η1 and η2 in such a way that a nodal
phase with a chiral symmetry appears. Putting every-
thing together, we can discuss all in-plane directions in
a common framework, in which however the critical field
bc,ch for the appearance of the nodal superconducting
phase with chiral symmetry depends on the direction of
the Zeeman field. Similarlarly to our previous discussion,
we find Majorana flat bands at the edge of the system,
but we stress that here they always originate from self-
consistent changes in the superconducting order param-
eter, and they are absent if these changes are not taken
into account. Thus their physical origin is very different
from the flat bands discussed in Ref. 53.
The structure of the paper is as follows. In section
II, we describe the general Ginzburg-Landau free en-
ergy expansion of a spin-triplet superconductor in a
Zeeman field. In section III, we apply this formalism to
describe the phase diagram of a simplest type of fully
gapped time-reversal symmetric triplet superconductor,
which is described by two independent basis vectors.
Then, in section IV we introduce the more general
situation, where the triplet superconductor is described
by three independent basis vectors. To elucidate such
kind of superconductor, we consider the so-called
Kitaev-Heisenberg model, which can be considered as
a paradigmatic model that describes a large variety of
different topological phases. In section V, we explicitly
obtain the various spin-triplet superconducting phases
which can be accessed by varying the Zeeman orienta-
tion and strength. Finally, in section VI we make some
concluding remarks.
II. GENERAL GINZBURG-LANDAU THEORY
We consider a spin-triplet superconductor in a exter-
nal Zeeman-field. The mean-field Bogoliubov–de Gennes
Hamiltonian describing the quasiparticles is
HBdG(k) =
(
h(k) ∆(k)
∆(k)† −h(k)T
)
, (4)
where
h(k) = ξ(k)σ0 + b · ~σ (5)
is the kinetic term, b is the Zeeman field,
∆(k) = i
(
d(k) · ~σ)σ2 (6)
is the superconducting order parameter, d is a three com-
ponent vector, σi are the Pauli spin matrices, and we have
assumed inversion symmetry such that ξ(−k) = ξ(k).
We have neglected the singlet order parameter entirely,
as we are working in the regime where the triplet order
parameter is energetically favoured.
The free energy for the Bogoliubov quasiparticles can
be written as
Fqp =
∑
k
Fqp(k) = −β−1
∑
k
∑
σ=±
ln[2 cosh(βEσ(k)/2)],
(7)
where β is the inverse temperature and the positive quasi-
particle energies E± can be compactly expressed as
E±(k) =
√
ξ(k)2 + |b|2 + |d(k)|2 ±
√
λ(k). (8)
4Here,
λ(k) =4|b|2ξ(k)2 + |q(k)|2 + 4(b · d(k))(b · d(k)∗)
+ 4ξ(k)b · q(k),
(9)
and
q(k) = id(k)× d(k)∗. (10)
To describe the effects of a Zeeman field on the su-
perconducting order parameter, we expand the free en-
ergy close to the critical temperature β ≈ βc in the limit
β|b|  1 and β|d|  1. We obtain
Fqp(k) = F0(b, ξ)− c1(|ξ|, |b|2)|d|2 − c2(|ξ|)
{
2|d|4 − (d · d)(d∗ · d∗) + 4(b · d)(b · d∗) + 4ξ(b · q)
}
,
c1(|ξ|, |b|2) = tanh(β|ξ|/2)
2|ξ| +
(4− β2|ξ|2) tanh(β|ξ|/2) + 2β|ξ| tanh2(β|ξ|/2) + β2|ξ|2 tanh3(β|ξ|/2)− 2β|ξ|
8|ξ|3 |b|
2,
c2(|ξ|) = β|ξ| − 2 tanh(β|ξ|/2)− β|ξ| tanh
2(β|ξ|/2)
16|ξ|3 . (11)
In addition to the free energy of the Bogoliubov quasi-
particles Fqp(k), the total free energy also contains a
quadratic term in the order parameter d(k), which ap-
pears when one decouples the interaction terms using the
mean field approximation. This term is independent of
the Zeeman field, and determines the degenerate solu-
tions of the linearized gap equations. We now express
the order parameter as a linear combination of the ba-
sis vectors di according to Eq. (1). By substituting this
order parameter into Eqs. (11), we obtain an expression
for the Ginzburg-Landau free energy per unit cell, given
by
F
N
=
F0(b)
N
+ [tI + t(|b|)]
∑
i
|ηi|2 + κA
∑
i
|ηi|4
+2κB
∑
i<j
|ηi|2|ηj |2 − κB
2
∑
i<j
(η2i η
∗2
j + η
2
j η
∗2
i )
−iD1
∑
i,j,k
εijkbiηjη
∗
k +D
A
2
∑
i
b2i |ηi|2
−DB2
∑
i<j
bibj(ηiη
∗
j + ηjη
∗
i ), (12)
where the coefficients are given by
t(|b|) = −
∑
k
c1(|ξ|, |b|2)|d1|2/N,
κA = −
∑
k
c2(|ξ|)|d1|4/N,
κB = −2
∑
k
c2(|ξ|)|d1|2|d2|2/N,
D1 = 4
∑
k
c2(|ξ|)ξd1,xd2,y/N,
DA2 = −4
∑
k
c2(|ξ|)|d1|2/N,
DB2 = 4
∑
k
c2(|ξ|)d1,xd2,y/N, (13)
and c1(|ξ|, |b|2) and c2(|ξ|) are described in Eq. (11).
Here, N is the number of unit cells, and we have included
the term FI = NtI
∑ |ηi|2 arising from the decoupling of
the interaction term. Alternatively, the structure of the
free energy in Eq. (12) can be obtained via symmetry
arguments.
III. EFFECT OF ZEEMAN FIELD ON A
TIME-REVERSAL SYMMETRIC HELICAL
p-WAVE SUPERCONDUCTOR WITH TWO
BASIS VECTORS
We start by considering a simple model for a fully
gapped time-reversal symmetric p-wave superconductor,
which is described by a tight-binding Hamiltonian on the
square lattice, where the basis vectors corresponding to
the largest critical temperature are
d1(k) = eˆx sin ky
d2(k) = −eˆy sin kx , (14)
and the single particle dispersion is
ξ = −2t cos(kx)− 2t cos(ky)− µ (15)
with t denoting the nearest neighbor hopping. This
model is equivalent to the models studied in Refs. 35
and 53, and therefore allows us to determine how the
self-consistent changes in the superconducting order pa-
rameter affect the topological phase transitions predicted
there. The Ginzburg-Landau theory for the order param-
eter d(k) = η1d1(k) + η2d2(k) is specified by Eq. (12),
where D1 = D
B
2 = 0 due to symmetries. The other
parameters are nonzero and can be evaluated from the
expressions (13). We find that κB > 0, which guarantees
that η1 and η2 can always be chosen to be real. Moreover,
we numerically find that κA ≈ κB , and to simplify ex-
pressions in what follows, we neglect the small differences
5between these parameters. Finally, it is useful to mea-
sure the Zeeman field and the order parameter relative to
a characteristic magnitude of the superconducting order
parameter, which we define as η20 = −[tI + t(|b|)]/3κA.
Taking these results into account, the relevant part of the
free-energy is
F
N
= −[tI + t(|b|)]η20
{ 2∑
i=1
(
− 1 + D
A
2
3κA
b2i
η20
)
η2i
η20
+
1
3
(
η41
η40
+
η42
η40
+
η21η
2
2
η40
)}
. (16)
In the absence of a Zeeman field, the minimization of
the free-energy gives (η1, η2) = η0(1,±1). The Zeeman
field makes the superconductor anisotropic, so that in
the presence of small Zeeman fields the order parameter
becomes
η1 = η0
√
1− 2D
A
2
3κA
b21
η20
+
DA2
3κA
b22
η20
,
η2 = η0
√
1− 2D
A
2
3κA
b22
η20
+
DA2
3κA
b21
η20
. (17)
If one of the magnetic field components is sufficiently
strong, say b1, then η1 becomes zero at the critical mag-
netic field
b1 =
η0√
2
√
3κA
DA2
+
b22
η20
, (18)
and for larger Zeeman fields the order parameter is given
by
η1 = 0,
η2 = η0
√
3
2
√
1− D
A
2
3κA
b22
η20
. (19)
Numerically, we find that 3κA/D
A
2 ∼ 1, which means
that the critical field at which one of the components of
the order parameter vanishes is on the order of η0. We
note that although b3 does not explicitly appear in the
equations above, it still influences the order parameter,
because the parameter η0 depends on |b|.
We now consider the case studied in Ref. 53, where
the Zeeman field is in the (x,y)-plane. In this case, it
was found53 that the Hamiltonian satisfies a nontrivial
chiral symmetry
S†1H(k)S1 = −H(k) , (20)
where
S1 = σ1 ⊗ σ1 . (21)
The chiral symmetry allows to rewrite the Hamiltonian
in a block-off-diagonal form
U†1H(k)U1 =
(
0 A1(k)
A1(k)
† 0
)
, (22)
where in this case U1 = (σ1 ⊗ σ1 + σ3 ⊗ σ0)/
√
2 and
A1(k) = h(k)σ1 −∆(k) . (23)
Furthermore, it is easy to see from Eq. (22) that the
quasiparticle spectrum has nodes if the equations
|b|2 = ξ(k)2 + |d(k)|2 (24a)
b1d2(k) = b2d1(k) (24b)
are simultaneously satisfied. Since the relative magni-
tude of the two d-vector components changes as a func-
tion of momentum direction, d1(k) = η1 sin(ky) and
d2(k) = −η2 sin(kx), the second equation is always sat-
isfied for specific directions in momentum space. In par-
ticular, there exists a momentum k0 at the Fermi surface
ξ(k0) = 0 such that b1d2(k0) = b2d1(k0). This momen-
tum k0 defines the smallest Zeeman field bc,ch for which
the first condition can be satisfied. For larger Zeeman
fields
|b| > bc,ch ≡ |d(k0)| , (25)
both conditions can be satisfied simultaneously due to
the fact that there is actually a one-parameter family
of vectors k which satisfies Eq. (24b) but has a nonzero
ξ(k). Therefore, for a sufficiently strong Zeeman field
in the (x, y)-plane, |b| > bc,ch ∼ η0, we expect a nodal
phase with a chiral symmetry. This phase exists even if
the order parameter is not calculated self-consistently as
found in Ref. 53, and the anisotropy of the order param-
eter affects bc,ch only quantitatively.
The importance of a self-consistent computation of the
order parameter becomes apparent when one considers a
Zeeman field in the (x, z)-plane. Then, the chiral sym-
metry defined above no longer exists. However, a new
type of chiral symmetry
S2 = σ1 ⊗ σ0 (26)
emerges when b1 is sufficiently large so that η1 = 0. The
Hamiltonian can be written in a block-off-diagonal form,
similarly as in Eq. (22), where now U2 = (σ0⊗σ0 + iσ2⊗
σ0)/
√
2 and
A2(k) = h(k) + ∆(k). (27)
Now ∆(0, ky) = 0 for all ky, and therefore nodes appear
in the quasiparticle spectrum at ξ(0, ky) = ±|b|. Al-
though the mechanism giving rise to a nodal phase with
chiral symmetry is now different, the critical field is on
same order of magnitude bc,ch =
η0√
2
√
3κA
DA2
∼ η0.
Now that we have discussed the behavior of the order
parameter in a Zeeman field, we are ready to discuss the
different topological phases as a function of the Zeeman
field magnitude and the orientation.
A. Time-reversal broken topological
superconductivity
We start by reviewing the various fully gapped topo-
logical phases of the model, which were already discussed
6FIG. 1. Phase diagram of the helical p-wave superconductor
with two basis vectors near µ = 0 as a function of Zeeman field
|b|. The four phases are I: time reversal invariant topologi-
cally nontrivial Z2 superconducting phase with counterpropa-
gating edge modes, II & III: time reversal broken p-wave with
Us-symmetry protected edge modes, IV: time reversal bro-
ken topologically non-trivial p-wave superconducting phase.
In phases II and III, a Zeeman field rotated away from the
(0, 0, 1) direction will break the symmetry protection and hy-
bridise the edge modes.
in Ref. 35. Below, we show that the existence of these
phases does not depend on the isotropy of the order pa-
rameter, and thus there are no qualitative changes due
to the self-consistent computation of the order parameter
in the presence of a Zeeman field.
In order to understand where phase transitions be-
tween topologically distinct fully gapped phases can take
place, we first note that in addition to our earlier consid-
erations the energy gap can also close at the high sym-
metry points in the Brillouin zone. The conditions for
these gap closings are
|d(Ki)| = 0, ξ(Ki) = ±|b|, (28)
and the possible high-symmetry points Ki are Γ = (0, 0),
M1 = (pi, 0), M2 = (0, pi) and M3 = (pi, pi). The nature
of these gap closing is very different from the gap closings
discussed before, because here the energy gap closes only
at a specific value of the Zeeman field, and after it reopens
the topological invariant describing the number of the
protected edge modes has changed.
To describe these phase-transitions, we can for sim-
plicity assume that the Zeeman field points in the z-
direction, so that the fermions with different spins are
completely decoupled, corresponding to an additional
symmetry [H,Us] = 0, where Us = σ0 ⊗ σ3. Then, the
Hamiltonian can be written as
U†H(k)U =
(
H↑(k) 0
0 H↓(k)
)
, (29)
where H↑(k) = [ξ(k) + b3]σ3 − η1 sin kyσ1 + η2 sin kxσ2
and H↓(k) = [ξ(k)−b3]σ3 +η1 sin kyσ1 +η2 sin kxσ2. The
block diagonal form of the Hamiltonian obtained this way
is useful for understanding all the different topological
phases, although it is not necessary for the existence of
the strong topological invariants discussed below. The
different topological phases can now be found by com-
puting the Chern number for each spin-block
C↑,(↓) =
∑
n∈filled
1
pi
∫
BZ
d2k Im
(〈∂kxψn,↑(↓)k|∂kyψn,↑(↓)k〉).
(30)
In the time-reversal broken case, the strong Z topological
invariant is given by the total Chern number C ≡ C↑+C↓.
For time-reversal invariant superconductors, the total
Chern number C ≡ C↑ + C↓ = 0, and the Z2 invari-
ant ν is determined by the parity of C↑65. In addition to
these strong topological indices, one can define two Us-
symmetry-protected Z topological invariants C↑ and C↓.
These invariants are ”weaker” than the strong topologi-
cal indices discussed above, and guarantee the existence
of edge modes only in the presence of the symmetry Us.
The most interesting topological phase transitions oc-
cur at carrier densities for which the conditions (28) are
satisfied at the M1 and M2 points. While |d(Ki)| = 0 is
automatically satisfied at these points, the second con-
dition requires that µ = ±|b|. We find that C↑ = 1 for
µ < |b| and C↑ = −1 for µ > |b|, whereas C↓ = −1 for
µ < −|b| and C↓ = 1 for µ > −|b|. This way, we arrive
at the phase-diagram shown in Fig. 1. Most importantly,
by choosing the chemical potential in the vicinity of the
topological phase transition µ = 0, the Zeeman split-
ting effectively pushes the chemical potential of one spin
species into the electron doped regime, and the other into
the hole doped regime, so that C = 2 (region IV). Once
C 6= 0, the block diagonal form of the Hamiltonian is no
longer essential, and the edge modes are robust against
perturbations which couple the spin blocks. Thus, this
topologically nontrivial phase which supports two topo-
logically protected chiral Majorana edge modes, exists for
a wide range of magnitudes and directions of the Zeeman
field. Additionally, the phase diagram in Fig. 1 contains
a time-reversal invariant topologically nontrivial phase
at |b| = 0 (region I), which supports counterpropagat-
ing edge modes that are protected by the time-reversal
symmetry. For completeness, we have also included there
the Us-symmetry protected topological phases (regions II
and III), which are distinguished by topological numbers
C↑ and C↓ if the Zeeman field points along z-axis.
Topological phase transitions can also be found near
the Γ (µ = −4t ± |b|) and M3 (µ = 4t ± |b|) points35.
However, these phase transitions take place close to the
band edges, and therefore one expects that the critical
temperature for the superconductivity and the magni-
tude of the superconducting order parameter η0 are much
smaller. Thus, these transitions are less interesting from
an experimental point of view.
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FIG. 2. Helical p-wave superconductor with two basis vectors:
Majorana flat bands and the corresponding topological invari-
ants for edges along (a) x- and (b) y-directions and a Zeeman
field b1 = 0.8η0, b2 = 0.6η0, b3 = 0. In Fig. (b) Majorana flat
bands appear in a small intervals around ky = ±kF ≈ ±1.
The order parameter was calculated self-consistently yielding
η1 = 0.28η0, η2 = 0.96η0. However, qualitatively similar re-
sults can be obtained also if the self-consistent changes are
not taken into account.
B. Majorana flat bands
It turns out that the nodal superconducting phases
with a chiral symmetry (|b| > bc,ch) can support Ma-
jorana flat bands. To understand these flat bands, we
consider a translationally invariant system in one di-
rection, say the x-direction. This means that kx is a
good quantum number, and that for each value of kx
we have a one-dimensional Hamiltonian Hkx(ky) which
depends only on ky. These one-dimensional Hamiltoni-
ans Hkx(ky) are gapped whenever there are no nodes for
any value of ky, and thus one-dimensional topological in-
variants are well-defined. Suppose there are two nodal
points across the two-dimensional Brillouin zone, at k1x
and k2x. They correspond to two nodal Hamiltonians,
Hk1x(ky), and Hk2x(ky). If for some value of k
′
x, where
k1x < k
′
x < k
2
x, for instance, the one-dimensional Hamilto-
nian Hk′x(ky) yields a non-trivial topological number, the
same topological number must occur for all kx across the
entire interval (k1x, k
2
x), because these topological num-
bers can change only when the energy gap closes at nodal
points. Because nontrivial topological number gives rise
to a zero-energy edge state, then each of these one-
dimensional Hamiltonians supports a zero energy edge
state. The collection of these edge states between the
two nodal Hamiltonians then naturally leads to topolog-
ical Majorana flat bands.
To be more specific, by using the block-off-diagonal
form of the Hamiltonian, Eq. (22), we can define Z-
topological invariants (winding numbers)53,66,67
W ix(ky) =
−i
2pi
∫
dkx
1
zi
dzi
dkx
,
W iy(kx) =
−i
2pi
∫
dky
1
zi
dzi
dky
, (31)
where the integration is over the one-dimensional Bril-
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FIG. 3. Helical p-wave superconductor with two basis vectors:
Majorana flat bands for a Zeeman field in x-direction with
b1 = 1.5η0, b2 = b3 = 0. (a), (b) Majorana flat bands and
the corresponding topological invariants for self-consistently
calculated order parameter, η1 = 0 and η2 = η0
√
3/2, for
edges along x- and y-directions, respectively. (c), (d) Majo-
rana flat bands and the corresponding topological invariants
for non-self-consistent order parameter, η1 = η0 and η2 = η0.
louin zone and
zi(k) =
det[Ai(k)]
|det[Ai(k)]| . (32)
The topological invariantW ix(ky) describes the number of
Majorana flat bands in a system with periodic boundary
conditions in y-direction and open boundary conditions
in x-direction, whereas W iy(kx) describes the number of
Majorana flat bands when the boundary conditions for x-
and y-directions are exchanged. Here, the index i labels
the possible chiral symmetries Si [Eqs. (21) and (26)] and
the corresponding matrices Ai [Eqs. (23) and (27)].
The topological invariant and flat bands are illustrated
in Figs. 2, 3 and 4 for several different Zeeman field di-
rections. In order to compute the self-consistent changes
in the order parameter, we assume that 3κA/D
A
2 = 1,
which is close to the numerical value obtained from the
expressions Eq. (13). Additionally, we choose η0 = 0.05t
and µ = −3t for all numerical results. Fig. 2 illustrates
the situation for a generic Zeeman field direction in the
(x, y)-plane such that both b1, b2 6= 0. Then, the relevant
chiral symmetry is S1, and a possible anisotropy of the
order parameter is not important, so that qualitatively
similar results are obtained both for self-consistently and
non-self-consistently calculated order parameters. Thus,
the results are in good agreement with the predictions
of Ref. 53, and Majorana flat bands appear between the
nodes corresponding to the different spin bands around
k = kF . Because the magnitude of the Zeeman field can-
not be much larger than η0(|b| = 0) without destroying
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FIG. 4. Same as Fig. 3 but for b1 = b3 = 1.5η0/
√
2, b2 = 0.
the superconductivity, the interval of the flat bands in the
momentum space has a maximum size ∆k ∼ (η0(|b| =
0)/EF )kF [See Fig. 2 (b)]. Here, kF and EF are the
Fermi wave vector and Fermi energy (with respect to the
band bottom), correspondingly. Thus, in weak coupling
theories of superconductivity (η0(|b| = 0) EF ), ∆k is
always quite small as compared to kF .
Self-consistent changes in the order parameter have
dramatic effects once the second type of chiral symmetry
S2 emerges, as demonstrated in Figs. 3 and 4. Fig. 3
shows the Majorana flat bands for a sufficiently strong
Zeeman field along (1, 0, 0) direction such that η1 = 0
and the chiral symmetry S2 is satisfied. As can be seen
in Fig. 3(b) the flat bands now exist in the whole interval
of ky from −kF to kF . We stress that this result cannot
be explained with the model used in Ref. 53. In contrast,
if the self-consistent changes in the order parameter are
not taken into account, S2 is not valid, and the chiral
symmetry S1 gives rise to a flat band only in the small
interval ∆k ∼ (η0/EF )kF around k = kF [Fig. 3(d)]. We
also point out that the flat bands remain unaffected if the
Zeeman field is rotated away from the (1, 0, 0) direction
in the (x, z)-plane and the order parameter is calculated
self-consistently [Fig. 4 (a), (b)]. On the other hand, if
the self-consistent changes in the order parameter are ne-
glected, the z-component of the Zeeman field breaks the
chiral symmetry S1 and therefore the flat bands com-
pletely disappear [Fig. 4 (c), (d)].
The existence of flat bands can be easily generalized
to cases where the translationally invariant direction is
not along x- or y-direction by projecting the nodes inside
the Brillouin zone onto a line directed along the trans-
lationally invariant direction. Namely, the flat bands al-
ways appear between two nodes and the topological in-
variant remains the same as long as the effective one-
dimensional Hamiltonians can be continuously deformed
into each other without closing a gap.
IV. TOPOLOGICAL PHASES OF THE
KITAEV-HEISENBERG MODEL
Next, we consider the situation where the triplet order
parameter is a linear combination of three independent
basis vectors. To elucidate such kind of superconduc-
tor, we consider the so-called Kitaev-Heisenberg model,
which can be considered as a paradigmatic model that
describes a large number of topological phases.
We consider a honeycomb lattice with three inequiva-
lent nearest neighbor bonds referred to as γ = x, y, z [68].
The undoped Kitaev-Heisenberg model in a Zeeman field
is described by the Hamiltonian
H = −JK
∑
〈ij〉
Sγi S
γ
j + JH
∑
〈ij〉
~Si · ~Sj +
∑
i
b · ~Si . (33)
The first term in the Hamiltonian (33) is called Kitaev
interaction6, and it describes an Ising-like coupling be-
tween the γ components of spins Sγi =
1
2f
†
i,ασ
γ
αβfi,β
at each bond in the γ-direction. The second term de-
scribes an isotropic Heisenberg interaction with interac-
tion strength JH . Because at half-filling the system can
be viewed as a Mott insulator, the doping effects can be
taken into account by introducing a kinetic term
HT = −t
∑
〈ij〉
∑
σ
f†i,σfj,σ + h.c. (34)
with the double occupancy prohibited similarly as in the
t-J model for high-Tc cuprates. This constraint on the
absence of double occupancies is of little importance in
the limit of large doping. However, at small doping the
constraint leads to an important renormalization of the
hopping amplitude, which is included in the renormalized
amplitude t used in the following discussion. Thus, the
value of t depends on the doping level.
The Kitaev-Heisenberg model displays a variety of in-
teresting topological phases, which are summarized in
Table I. The topological spin liquid phases are the ones
discovered by Kitaev6. Namely, in the absence of the
Zeeman field the Kitaev model is equivalent to a tight-
binding model for Majorana modes on a honeycomb lat-
tice, and therefore exhibits topological flat bands simi-
larly as graphene. On the other hand, at finite Zeeman
field the Kitaev spin liquid acquires a gap and has lin-
early dispersing Majorana edge modes and unpaired Ma-
joranas at the vortices.
Already in the absence of a Zeeman field, the phase-
diagram of the doped Kitaev-Heisenberg model con-
tains exotic superconducting phases. For dominating
antiferromagnetic Heisenberg interaction JH > 0, one
obtains a topologically non-trivial time-reversal broken
d + id superconducting phase69 belonging to class C
in the classification table for topological insulators and
9TABLE I. Summary of the known topologically nontrivial phases of the Kitaev-Heisenberg model.
Spin liquid phases (SL) Parameter regime Ref.
Gapless SL with flat bands Undoped, JK dominates, b = 0 6
Fully gapped topological SL Undoped, JK dominates, bxbybz 6= 0 6
Superconducting phases (SC) Parameter regime Ref.
Fully gapped time-reversal broken d-wave SC JH > 0 dominates, b = 0 69
Fully gapped time-reversal broken topological p-wave SC Small doping, JK > 0 dominates, b = 0 29
Fully gapped time-reversal symmetric topological p-wave SC Large doping, JK > 0 dominates, b = 0 28
Fully gapped p-wave SC with symmetry-protected edge modes Intermediate doping, JK > 0 dominates, b = 0 28
Fully gapped time-reversal broken topological SC |µ| ≈ t, JK > 0 dominates, b 6= 0 Here
Nodal p-wave SC with flat bands JK > 0 dominates, b ‖ (x, y)−, (y, z)−, (z, x)−planes Here
superconductors7. On the other hand, a dominating fer-
romagnetic Kitaev interaction JK > 0 at small dop-
ing results in a time-reversal broken topologically non-
trivial p-wave superconducting phase29. At intermedi-
ate and large doping the time-reversal symmetry is re-
stored, and at large doping one finds a topologically non-
trivial Z2 superconducting phase, which has one pair of
counterpropagating edge modes28. On the other hand,
at intermediate doping the superconductor is trivial in
the Z2 classification28. Nevertheless, an even number
of symmetry protected edge states appear. The global
phase-diagram for the Kitaev-Heisenberg model (includ-
ing different signs for JH and JK) was recently com-
puted in mean field theory by Okamoto30, and these re-
sults are supported by functional renormalization group
calculations31.
As we show below, in the presence of a Zeeman field,
the time-reversal invariant p-wave superconducting phase
can be tuned into i) a time-reversal broken topologically
nontrivial phase supporting chiral Majorana edge modes
and unpaired Majorana zero modes in the vortices, or ii)
into a nodal p-wave superconductor supporting topologi-
cal flat bands on its edges. We discuss these phases in the
general framework of our Ginzburg-Landau theory, but
we have also numerically checked all results with the help
of self-consistent mean field calculations for the Kitaev-
Heisenberg model. These new topologically nontrivial
superconducting phases are also included in Table I.
V. THE VARIOUS SUPERCONDUCTING
PHASES OF THE KITAEV-HEISENBERG
MODEL IN A ZEEMAN FIELD
We consider the Kitaev-Heisenberg model in the limit
of intermediate and large doping, with dominating ferro-
magnetic Kitaev interaction. In this case, the linearized
gap equations have three degenerate solutions28. By pro-
jecting the Hamiltonian to a single band with dispersion
ξ1,(2) = ±|t(k)| − µ, these can be written as
d1(k) =
[
sin
(
δ2 · k− ϕ
)− sin (δ3 · k− ϕ)]eˆx
d2(k) =
[
sin
(
δ3 · k− ϕ
)− sin (δ1 · k− ϕ)]eˆy
d3(k) =
[
sin
(
δ1 · k− ϕ
)− sin (δ2 · k− ϕ)]eˆz. (35)
Here, t(k) = t
∑
j e
iδj ·k, δ1 = (1/2, 1/2
√
3), δ2 =
(−1/2, 1/2√3) and δ3 = (0,−1/
√
3) are the nearest
neighbor vectors along the different links and ϕ =
arg[t(k)].
The Ginzburg-Landau theory in the presence of a Zee-
man field is described by Eq. (12), where all coefficients
are now non-zero. The parameters κA and κB control the
magnitudes and phase-differences of the ηi. Since κB >
0, the lowest energy solution in the absence of a Zeeman
field is four-fold degenerate (η1, η2, η3) = η0(1,±1,±1),
see Ref. 28. These solutions correspond to p+ip and p−ip
order parameters for the different spin species, with the
spin of the Cooper pair locked in the (1,±1,±1) direc-
tions. The effect of a Zeeman field on the superconduct-
ing order parameter is described by the parameters D1,
DA2 and D
B
2 .
The parameter D1 is typically very small, because the
contributions with ±ξ in expression (13) approximately
cancel each other around the Fermi surface. Therefore,
we start by neglecting this term, and we only consider
its effect in special cases where it becomes important for
our discussion (see below). In the absence of D1, the
analysis of the Ginzburg-Landau theory simplifies con-
siderably, because the free-energy is always minimized
by η1, η2, η3 ∈ R. By further restricting ourselves to a
Zeeman field with all bi ≥ 0, and taking into account
that DB2 > 0, we notice that η1, η2, η3 ≥ 0. Moreover,
by using the numerical observations that κA ≈ κB and
DA2 ≈ 2DB2 , and by defining η20 = −[tI + t(|b|)]/4κA, we
can rewrite the free-energy as
F
N
= −[tI + t(|b|)]η20
[∑
i
(
− 1 + D
A
2
4κA
b2i
η20
)η2i
η20
−D
A
2
4κA
∑
i<j
bi
η0
bj
η0
ηi
η0
ηj
η0
+
1
4
∑
i
η4i
η40
+
1
4
∑
i<j
η2i
η20
η2j
η20
]
.
(36)
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By straightforward calculation one can confirm that in
the absence of Zeeman field, the minimization of Eq. (36)
gives an order parameter (η1, η2, η3) = η0(1, 1, 1).
Based on the expression (36), we expect that a Zeeman
field with three nonzero components bi of comparable
magnitude will choose an optimal direction in (η1, η2, η3)-
space, so that all the components ηi will remain nonzero
until the Zeeman field reaches a critical value, where the
superconductivity vanishes. Moreover, the superconduc-
tor is generically expected to be fully gapped. These ex-
pectations are supported by our numerical calculations.
The only exceptions are the specific values of the Zee-
man field where topological phase transitions take place
due to a change in the Chern number (see below). Simi-
larly, as in the case of the helical p-wave superconductor
with two basis vectors consireded in section III, we find
that the self-consistent changes in the order parameter
are not important in the description of these topological
phase transitions.
On the other hand, we may expect the self-consistent
changes to become important if only two components
of the Zeeman field are nonzero. To understand the
effect of a Zeeman field on the superconducting order
parameter in these cases, we consider a specific Zee-
man field b = b(1, 0, 1)/
√
2. In this case, it is use-
ful to make a transformation η1 = (η+ + η−)/
√
2 and
η3 = (η+ + η−)/
√
2, which diagonalizes the quadratic
part of the free-energy Eq. (36). After this transforma-
tion, one notices that both η+ and η− have larger masses
than η2, so that one can expect them to vanish before
η2 at sufficiently large Zeeman fields. By minimizing the
resulting free-energy, we find that for b < η0
√
8κA/DA2
η1 = η3 = η0
√
1− D
A
2
8κA
b2
η20
,
η2 = η0
√
1 +
DA2
8κA
b2
η20
(37)
and for b > η0
√
8κA/DA2
η1 = η3 = 0,
η2 = η0
√
2. (38)
Once η1 = η3 = 0, the chiral symmetry S2 defined in
Eq. (26) is automatically satisfied. In addition, due to the
p-wave nature of the basis functions, the superconductor
becomes gapless at this value of the Zeeman field, and
we therefore can identify bc,ch = η0
√
8κA/DA2 .
If the Zeeman field is rotated away from the (1, 0, 1)-
direction but stays in the (x, z)-plane, the masses of
the eigenmodes which diagonalize the quadratic part of
the free-energy become more asymmetric. In particular,
when one approaches the (0, 0, 1) or (1, 0, 0) direction the
mass of one of these eigenmodes approaches the mass of
η2, and therefore we can expect that bc,ch is smallest at
(1, 0, 1)-direction and becomes larger when approaching
(0, 0, 1) and (1, 0, 0)-directions. By minimizing the free-
energy (36) In the extreme limit of b = b(0, 0, 1), we find
that for b < η0
√
4κA/3DA2
η1 = η2 = η0
√
1 +
DA2
4κA
b2
η20
,
η3 = η0
√
1− 3D
A
2
4κA
b2
η20
(39)
and for b > η0
√
4κA/3DA2
η1 = η2 = η0
√
4/3,
η3 = 0. (40)
Importantly, the chiral symmetry S2 is no longer neces-
sarily satisfied even for b > η0
√
4κA/3DA2 , because two of
the components of the order parameter are now non-zero.
However, it is possible to show that the chiral symmetry
exists if the phase-difference of η1 and η2 is fixed to a par-
ticular value by the previously neglected D1-term. To
understand in detail how the phase-difference depends
on the strength of the Zeeman field, we now assume
that η1 = η0
√
4/3eiφ1 , η2 = η0
√
4/3eiφ2 , η3 = 0 and
minimize the free-energy Eq. (12) with respect to phase-
difference φ = φ1 − φ2. The phase-dependent terms of
the free-energy can in this case be written as
Fφ
N
= −
(
4
3
)2
κAη
4
0 cos(2φ) +
8
3
D1η
2
0b sin(φ). (41)
For small values of b this free-energy would be minimized
by φ = 0, and by increasing b, the phase difference φ
moves towards ±pi/2, where the sign is determined by
the sign of D1. For Zeeman fields b > 8κAη
2
0/3|D1|,
the phase-difference becomes pinned to ±pi/2. In this
case, the superconductor becomes nodal and the chiral
symmetry S2 is satisfied. Because η0 decreases with in-
creasing |b|, this inequality will eventually be reached,
but at this point the magnitude of the superconducting
order parameter is already very small, because typically
κAη0(b = 0)/|D1|  1. Therefore, although the chiral
symmetry always emerges for all in-plane Zeeman fields,
the critical field bc,ch depends strongly on the direction.
A. Time-reversal broken topological
superconductivity
In order to discuss the different fully gapped topolog-
ical phases of the model, we first note that if the Zee-
man field points in (1, s2, s3) directions with s2, s3 = ±1,
the free energy (36) is minimized by the order parameter
(η1, η2, η3) = η0(1, s2, s3), i.e. each direction of the Zee-
man field favors one of the degenerate solutions found
in the absence of the Zeeman field. As discussed in
Ref. [28], a global spin rotation allows a transformation
of the Hamiltonian into a form where d remains in (x, y)-
plane. Moreover, in the transformed frame, the Zeeman
field points in the z-direction, so that the fermions with
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FIG. 5. Phase diagram of the doped Kitaev model near
µ = −t as a function of Zeeman field oriented in the (1, 1, 1)
direction. The four phases are I: time reversal invariant topo-
logically nontrivial Z2 superconducting phase28, II&III: time
reversal broken p-wave superconductor with symmetry pro-
tected edge modes, IV: time reversal broken topologically non-
trivial p-wave superconducting phase. In phases II and III, a
Zeeman field rotated away from the [1,±1,±1] directions will
break the symmetry protection and hybridise the edge modes.
different spins are decoupled. The block diagonal form of
the Hamiltonian, obtained this way for the specific direc-
tions of the Zeeman field, is useful for understanding the
different topological phases, similarly as in the case of
the helical p-wave superconductor with two basis vectors
discussed in section III.
In the absence of the Zeeman field there are two topo-
logically distinct phases, due to a change of the Fermi
surface topology with doping28. The topologically non-
trivial Z2 superconducting phase exists for |µ| > t (the
horizontal line I in Fig. 5), whereas the superconductor
is topologically trivial in the Z2 classification for |µ| < t.
Nevertheless, the Chern numbers C↑ and C↓ are nonzero
also in the topologically trivial phase, and therefore an
even number of edge states exists as long as the two spin
blocks are decoupled. The protection of the edge states
in the trivial phase is not guaranteed by time-reversal
symmetry alone, but requires the existence of the micro-
scopic symmetry which allowed to block diagonalize the
Hamiltonian.
Once the Zeeman field is turned on, the time-reversal
symmetry is broken and the Z2 classification does not
exist anymore. However, as long as the microscopic
symmetry is valid, C↑ and C↓ are well-defined and al-
low to determine the number of the edge states. More-
over, the energy gap can close at the high-symmetry
points of the Brillouin zone, allowing the Chern num-
ber C = C↑ + C↓ to become nonzero. Similar to the
case of section III, we concentrate on the M points, be-
cause there the gap closings happen at reasonable carrier
−2 0 2
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−2
2
−2 2
0
2
1
FIG. 6. Kitaev-Heisenberg model: Majorana flat bands and
the corresponding topological invariant for edges along the x-
direction. The parameters were chosen as µ = −1.4t, b1 =
b3 =
√
2η0, b2 = 0. For these parameters, the self-consistently
calculated order parameter is η1 = η3 = 0 and η2 =
√
2η0.
The flatbands appear when the order parameter is computed
self-consistently in the presence of a Zeeman field, and are
absent otherwise.
densities so that the superconducting order parameter
can be large. Due to the symmetries of the honeycomb
lattice, the gap closings happen simultaneously in all
three M points M1 = (0, 2pi/
√
3), M2 = (pi, pi/
√
3) and
M3 = (pi,−pi/
√
3). Because |d(Mi)| = 0 is automatically
satisfied at these points, and since |t(Mi)| = t, the gap
closings take place at chemical potentials µ = ±t ± |b|.
We now concentrate on the topological phase transitions
taking place in the vicinity of µ ≈ −t. We find that
C↑ = 1 for µ < −t + |b| and C↑ = −2 for µ > −t + |b|,
whereas C↓ = −1 for µ < −t − |b| and C↓ = 2 for
µ > −t − |b|. This way, we arrive at the phase-diagram
shown in Fig. 5. One important difference to the earlier
case is that now the time-reversal broken topologically
nontrivial phase with C = 3 (region IV in Fig. 5) sup-
ports unpaired Majoranas in the vortices and an odd
number of chiral Majorana edge modes. Although in
Fig. 5 we show the parameter space for the time-reversal
broken topologically nontrivial phase only for the (1, 1, 1)
direction, we find that this phase exists for a wide range
of directions and magnitudes of the Zeeman field.
B. Majorana flat bands
We now concentrate on the nodal superconducting
phases with an emergent chiral symmetry that can ap-
pear in the case of in-plane Zeeman fields. As discussed
above, the magnitude of the critical field bc,ch depends on
the direction of the Zeeman field, and the smallest criti-
cal field bc,ch = η0
√
8κA/DA2 is obtained when the Zee-
man field points along the (1, 0, 1) direction. Therefore,
we now concentrate on this case. By using Eqs. (13),
12
we estimate that DA2 /κA ≈ 2 and additionally we set
η0 = 0.05t in the following calculations. This way we
obtain the Majorana flat bands shown in Fig. 6. We
emphasize that these flat bands are absent if the order
parameter is not calculated self-consistently.
VI. CONCLUSIONS AND DISCUSSION
In summary, we have have developed an intuitive and
reasonably general Ginzburg-Landau theory for descrip-
tion of the self-consistent changes of the superconduct-
ing order parameter in the presence of the Zeeman field,
and we have studied the effect of a Zeeman field on fully
gapped time-reversal invariant superconducting phases.
By calculating the phase diagrams as a function of the
strength and direction of the Zeeman field, we have
shown that the time-reversal invariant helical p-wave su-
perconducting phase can be tuned into a time reversal
broken topologically nontrivial phase supporting chiral
edge states, or a nodal p-wave superconductor support-
ing topological flat bands on its edges.
In this work, we have assumed that the supercon-
ducting order parameter is spatially homogeneous. In
the absence of a Zeeman field this assumption has been
confirmed with a self-consistent mean field theory for
the Kitaev-Heisenberg model70. However, in the pres-
ence of a Zeeman field, interesting effects such as FFLO
phases71,72 can in principle appear. Additionally we have
not considered the effect of Rashba spin-orbit coupling
and the possibility of a mixture of singlet and triplet
superconducting order parameters, which can appear in
noncentrosymmetric superconductors73, and may result
in breaking of the chiral symmetry and appearance of
unidirectional edge modes53. We also want to point out,
that our general Ginzburg-Landau theory may be uti-
lized also in completely different research directions such
as in the identification of the order parameter of uncon-
ventional superconductors, which go beyond the scope of
the present work.
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